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Symplectic embeddings and the lagrangian bidisk 

Vinicius Gripp Barros Ramos 


Abstract 

In this paper we obtain sharp obstructions to the symplectic embedding of the 
lagrangian bidisk into four-dimensional balls, ellipsoids and symplectic polydisks. 
We prove, in fact, that the interior of the lagrangian bidisk is symplectomorphic to 
a concave toric domain using ideas that come from billiards on a round disk. In 
particular, we answer a question of Ostrover [12]. We also obtain sharp obstructions 
to some embeddings of ellipsoids into the lagrangian bidisk. 


1 Introduction 

Symplectic embedding questions have been central in the study of symplectic man¬ 
ifolds. The first of such questions was studied by Gromov in [6|. After that, many 
techniques were created to deal with the questions of when symplectic embeddings 
exist. Symplectic capacities are one of such techniques and they provide an obstruc¬ 
tion to the existence of a symplectic embedding. An interesting general question is 
whether a certain capacity is sharp for a certain embedding problem, i.e., whether the 
symplectic embedding exists if and only if this capacity does not give an obstruction 
to it. 

ECH capacities are a sequence of capacities which are defined for four-dimensional 
symplectic manifolds [Tj. For a symplectic manifold (A^,a;), there is a sequence of 
real numbers: 

0 = Cq{X,u) < Cl{X,Co) < C 2 {X,Co) < • • • < oo. 

These numbers satisfy the following properties: 

(i) If a > 0, then Ck{X,a ■ uj) = a ■ Ck{X,uj), for every k. 

(ii) If {Xi,uji) symplectically embeds into (A 2 ,W 2 ), then 

Ck{Xi,uji) < Ck{X 2 ,uj 2 ), for all k. 
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ECH capacities have been computed for many manifolds and they have been shown to 
be sharp for several symplectic embedding questions in dimension 4, see for example 
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msim- We recall that ECH capacities are said to be sharp for a certain embedding 
problem (Xi,a;i) ^ (X 2 ,W 2 ) if 

Cfc(^i, wi) < Ck{X2,uj2), V k (Xi, wi) (X 2 ,a;2). 

In this paper the symbol ^ will always denote a symplectic embedding. The goal of 
this paper is to prove some new results concerning the symplectic embeddings of the 
lagrangian bidisk into four-dimensional balls, ellipsoids and polydisks. In particular, 
this answers a question of Yaron Ostrover in |121 §5]. 

We will now set up our notation. We will always consider with coordi¬ 

nates {pi,qi,P 2 ,Q 2 ) = {zi,Z 2 ) and its subsets endowed with the symplectic form 

2 

io = dpi A dqi- 
1 = 1 

The main domain we are interested in is the lagrangian bidisk in denoted by Pl, 
which is defined to be 


Pl = {{pi,qi,P2,q2) e | p? -kpi < 1, + gi < 1}. 


We observe that the lagrangian product of any two disks is symplectomorphic to a 
multiple of Pl. We now define the ellipsoids E{a,b) and the symplectic polydisks 
P{a, b) as follows. 


E{a,b) = |(zi,Z 2 ) e 
P{a,b) = {(zi,Z 2 ) G 



'k\zi\^ < a, 7r\z2\‘^ < b] . 


We denote the Euclidean ball of radius yo/vr by B{a) := E{a,a). 
The main result of this paper is the following theorem. 


Theorem 1. ECH capacities give a sharp obstruction to symplectically embedding 
the interior of Pl into balls, ellipsoids and symplectic polydisks. Moreover, 

(a) int(PL) ^ B{o) if and only if a > 3\/3, 

(b) int(PL) “—)■ E{a, b) if and only i/min(a, 6) > 4 and max(a, b) > 3y/3, 

(c) int(i-’L) “—)• P{a,b) if and only if a,b> 4. 

Remark 2. Part (c) of Theorem [1] was previously known by [15]. The proof combines 
the explicit construction of an embedding and Gromov’s non-squeezing theorem. 


1.1 Toric domains 

Although understanding symplectic embeddings of four-dimensional symplectic man¬ 
ifolds in general is a very hard problem, many results are known for a certain class 
of manifolds called toric domains, which are constructed as follows. If 0 is a closed 
region in the first quadrant of , we define the toric domain Xq C to be 

Xn = {izi,Z2) G C^;7r(|2:ip, \z2\‘^) G 12}. 

We endow Xq with the restriction of the standard symplectic form in C^. 

The main result needed to prove Theorem [1] is the following theorem. 
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(b) A concave toric domain 
Figure 1: Toric domains 



Theorem 3. Let Xq be the toric domain A^q, where Qq is the region bounded by the 
coordinate axes and the curve parametrized by 

(2sin (^) - acos (^) ,2sin (^) + (27r - a)cos (^)) , aG[0,27r]. (2) 

Then int(Pi) and int(Ao) are symplectomorphic. 

Remark 4. The curve m has some nice properties. For example, if we switch a by 
27r — a, we deduce that this curve is symmetric with respect to the reflection about 
the line y = x. We also observe that . 

Two kinds of toric domains are of particular interest. Let be the domain in the 
first quadrant of bounded by the coordinate axes and a curve which is the union 
of the graph of a piecewise smooth non-increasing function / ; [0, a] —)• [0, 00 ) and 
the line segment L connecting (a,0) and (a,/(a)). We always assume that /(O) > 0. 
If /(a) = 0, we take L = 0. We say that Aq is conve^il is / is a concave function, 
and that Aq is concave if / is convex function and L = 0, see Figure [Ha,b). We 
observe that ellipsoids and symplectic polydisks are convex toric domains and that 
ellipsoids are the only toric domains that are both convex and concave. Moreover the 
toric domain Aq dehned in Theorem [H] is concave, see Figure [T]^c). In [S], Cristofaro- 
Gardiner proved the following theorem. 

Theorem 5 (Cristofaro-Gardiner). Let and X^/ be concave and convex toric 
domains, respectively. Then ECH capacities give a sharp obstruction for embedding 
int(Af 7 ) into Aq/. 

We observe that the first claim of Theorem [1] follows immediately from Theorems 
[3]and[5l 


1.2 The boundary of Pp and billiards 

The idea of the proof of Theorem [3] is to put an appropriate Hamiltonian toric ac¬ 
tion on int(Px,) and to compute the image of its moment map. We will now give a 
description of this action. 

^This definition of convex toric domains is slightly less general than that given in [5, but it suffices for 
all of our applications. 
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Figure 2: The segments representing a billiard trajectory 


We would like first to define a toric action on BPl and then to extend it to all of 
Pl- We cannot do that because dPi is not smooth. But we can still get an idea of the 
actual definition which will be given in ^2.31 bv looking at SPl. The 3-manifold dPi 
is a union of two solid tori x Sp U x D^. The characteristic flow is generated 
by the vector field V defined by: 

if X G int(T)^ X 

= * d 

if X G int(5i X T>2), 

< i 

Note that we cannot extend V continuously on x S^. Even still, V generates 
a continuous flow on dPi so that each time we hit the torus x S^, we go from 
the interior of a solid torus to another, and so that there are two orbits contained 
in 5q X 5p which rotate along and with the same speed in the clockwise and 
counter-clockwise directions. We observe that if we look at the trajectory on x5i 
and project it to D^, we obtain a billiard trajectory, as defined in ^2.21 see Figure [2l 
We refer the reader to [T] and [2] for more details. 

As we will see in ^2.21 we can define a toric action on the set of points belonging 
to a billiard trajectory in D^. Given such a point which is not on the two trajectories 
contained in dD^, we would like to define two circle actions as follows. The first one 
is given by rotating q and the corresponding p by the same angle. The other one is 
given by moving along the billiard trajectory and rotating back by an angle whose 
proportion to the total angle spanned by the line segment is equal to the amount 
moved on it. These two actions correspond to translations in the toric coordinates 
(p 2 and (fi, respectively, which will be defined in ^2.21 

1.3 Ball packings and ECH capacities 

ECH capacities of a concave toric domain can be computed using an appropiate ball 
packing, as explained in [3]. We now recall this construction and compute the first 
two ECH capacities of Xq. 

Let Xq, be a concave toric domain. The weight expansion of is the multiset w{Q) 
defined as follows. For a triangle T with vertices (0,0), (a, 0) and (0, a), we define 
w{T) = {a}. If n = 0, we let w{Q) = 0. Let Ti be the largest triangle contained in 12. 
Then 12 \ Ti = U where 12j and could be empty. We translate the closures 
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of 0']^ and ^2 so that the obtuse corners are at the origin and we multiply these 


regions by the matrices 


1 

0 


and 


that we call fli and Q 2 , respectively. 


, respectively, obtaining two regions 


n particular, and are also concave 


toric domains. Assuming that and ^(^ 2 ) are defined, we let 

w{Q) := w{Ti) U w{Qi) U w{Q2)- 


Here we consider the union with repetition. We now proceed by induction to define 
and w{^} 2 ) in terms of triangles and smaller regions. This process is infinite, 
unless n is bounded by the graph of a piecewise linear function whose slopes are all 
rational. 

We now define the weight sequence wi > W 2 > ... to be the non-increasing 
ordering of the elements of As explained in [3] and reviewed in ^ for every 

e > 0, there exists a symplectic embedding 

CX) 

(l + e)Ao. (3) 

i=l 

Therefore for every A: € N, 


lim Cfc 
1—^00 



< Cfc(Ao). 


(4) 


Remark 6. Since {wi)i>i is a non-increasing sequence, it follows from © that 


Cfc [ ]J B{wi) j = cfc I ]J B{wi) j , for Z > A:. 


\i=l 


\i=l 


Therefore the limit in Q equals 

The main theorem of [3] is the following. 


Theorem 7 (Choi, Cristofaro-Gardiner, Frenkel, Hutchings, Ramos [3]). Let Xq be 
a concave toric domain and let wi > W 2 > W 3 >... be the weight sequence of Ll. 
Then for every A: € N, 

Cfc = Cfc(Xo). (5) 

In ^ we will show that the first two weights of LIq are: 

tci =4, W2 = 3\/3 — 4. (6) 

From ([5|) and dG]) it follows that: 

ci(Ao) = 4, C 2 (Ao) = 3V3. (7) 

We note that ([T]) is enough to obtain the ’only if’ parts of Theorem [T] as we explain 
below. 
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1.4 Proof of Theorem [T] 

The last ingredient of the proof of Theorem [1] is the following proposition. 
Proposition 8. There exists a symplectic embedding int(Xo) ^ £1(4, 3\/3). 


Assuming Theorem [3] and Proposition [HI we can now prove Theorem [TJ 

Proof of TheoremUi By Theorem El we can substitute in Theorem [T]int(P 2 ,) by the 
concave toric domain int(Alo). 

(a) First let us assume that int(Xo) symplectically embeds into B{c). Then 


sVs = C 2 {Xo) < C 2 {B{c)) = c. 


Conversely, £1(4,3\/3) C i?(3\/3) C B{c), for all c > 3\/3. So, by Proposition [H 
int(A'o) symplectically embeds into B{c) for all c > 3^3. 

(b) Assume that int(Ao) E{a,b), where a < b. We recall that ci{E{a,b)) = a 
and C 2 {E{a,b)) = min(2a, 6). Hence 


4 = ci(Xo) < ci(£l(a, 6)) = a, 
aVs = C 2 {Xo) < C 2 {E{a, b)) < b. 


The converse is a direct consequence of Proposition [HI 

(c) Assume that int(Alo) P{cl, b), where a <b. Again we have 

4 = Cl (Xo) < Cl (P(a, b)) = a. 

For the converse, we can construct an explicit embedding int(P/;,) P(4,4) by 



□ 


1.5 A converse question 

We may also ask a converse question, namely, when ellipsoids embed into the la- 
grangian bidisk. Although this question is still open in general, we can answer it in 
two cases. 

Corollary 9. Let a G {1)2}. Then ECH capacities give a sharp obstruction to 
symplectically embedding int(£l(o6, 6)) into int(P/;,). In particular mt{E{ab,b)) ^ 
int(Pi) if, and only if, int(£l(a6, 6)) C int(Xo). 
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Proof. We assume that int{E{ab,b)) int(P l). We consider first the case a = 1. 
Then it follows from d?]) that b = ci{B{b)) < ci{Pl) = ci(Xo) = 4. So 

int(i?(6)) C int(-B(4)) C int(Xo). 

The second inclusion above follows from a simple calculation, see Figure [3]^ a). Now 
suppose that a = 2. From ([7|) we obtain 2b = C2{E{2b,b)) < C 2 {Xq) = S-y/S- So 
int(£'(26, 6)) C int(-E(3\/3, 3\/3/2)). We also observe that the line x + 2y = 3\/3 
is tangent to the curve ([2]) and hence int(Fi(3\/3,3\/3/2)) C int(Xo). Therefore 
int(Fi(26, 6)) C int(Xo). □ 

Remark 10. Corollary [9] does not hold for a > 5. In fact, one can construct better 
embeddings than the inclusion by symplectic folding, see m- We do not know 
whether there are better embeddings than the inclusion for a = 3,4. 

Remark 11. Gutt and Hutchings have recently announced a result that implies that 
P{a,a) ^ int(PL) if, and only if, a <2. 

1.6 Outline of the paper 

The rest of this paper is organized as follows. In ^ we prove that int(Pi;,) is sym- 
plectomorphic to the interior of a concave toric domain, namely Xq, thus proving 
Theorem [3l In ^ we prove Proposition [HI that is, we show that int(Xo) embeds into 
E{4,3^/3). As explained in HI.41 this concludes the proof of Theorem [TJ 

Acknowledgments. I would like to thank Felix Schlenk for asking the question 
that inspired this paper and Michael Hutchings for helpful discussions. During the 
course of this work, I was supported by the European Research Council Grant Geody- 
con and a grant of the French region Pays de la Loire. I would also like to thank the 
anonymous referees for very helpful comments and suggestions. 


2 Concave toric domains and the lagrangian 
bidisk 

2.1 Outline 

In this section, we will prove Theorem [3l We recall that Pl is the product of two 
lagrangian disks and Xq is the concave toric domain Xq^ where Qq is the region 
bounded by the coordinate axes and the curve ([2]). We will prove that int (Pl) and 
int(Ao) are symplectomorphic. 

The idea is to exhaust int(PL) by domains P^ which are endowed with a Hamil¬ 
tonian toric action whose moment image converges to Dq. In other words, for each 
0 < e < 1, we will construct symplectic manifolds P^ C int(i-’ 2 .) and toric domains 
Xq^ C int(Ao) such that for each e, the domains and X^ are symplectomorphic 
and 

|JP£ = int(PL) and |J = int(Ao). 
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The definition of is relatively simple and uses an idea from [3], which was also 
used in [T]. Let U : [0,1) —>• 1R+ be a smooth function such that: 

• 17(0) < 1, 

• U^^\r) > 0, for j = 1, 2 and for all r > 0, 

• 17(r) —>■ oo as r —)• 1. 

To simplify the notation, we will denote a point in by (q,p), where q = {qi,q 2 ) 
and p = {pi,P 2 ) although the orientation of is still given by w Aw. For 0 < e < 1, 
let He{q,p) = ^ (IpP + el7(|qp)) and 

Pe = {(q,p) e Pl I i7£(q,p) < 

We observe that P^ is a Liouville domain with Liouville form 

1 2 

A = - '^{Pidqi - qdpi). 

i=l 

We also note that for e < e', we have P^i C int(P£), and that (J^ P^ = int(Pi). 

The definition of is more complicated and it will be given in li2.4l The idea 
is as follows. We first define a function v : dP^ —)• [—M,M], for some M G M such 
that v~^{{—M,M}) is a Hopf link. Then we define toric coordinates (pi,ip 2 ) in the 
complement of this Hopf link. Finally we show that pi and ip 2 extend to the different 
components of this link and that there exist functions pi and p 2 defined on dP^ such 
that 

A|aPe = Pl dpi + P2 dp2- 

We define to be the toric domain Xq,^ where is the region bounded by the 
coordinate axes and the image of {pi,p 2 )- 


2.2 Billiards 


We will now give an idea of how to define the toric coordinates on dP^ by taking 
the limit e ^ 0. We will explain the heuristics in this subsection and give the actual 
definition that we will use to prove Theorem [3] in 112.31 

The Liouville form A is a contact form on each dP^ and its Reeb flow is parallel 
to the Hamiltonian vector field 


d 




i=l 


|qr 


V .A 

^ dpi' 


If (q(t),p(t)) is a trajectory of this flow, then p(t) = q(t). So (q(t),p(t)) is deter¬ 
mined by the curve q(t) which satisfies the equation q(t) = —el7'(|q(t)p)q(t). As 
explained in [3] and in [T], a sequence of solutions to this equation with e —)• 0 and 
bounded energy admits a subsequence which converges to a closed billiard trajectory 
in a suitable topology. 

To get an idea of what is happening, we observe that for very small e, the accel¬ 
eration q is very close to 0, except in a neighborhood of dD^. So q is very close to a 


line segment away from dD^ and it bends sharply near dD^. At a point of maximum 
to of |q(t)|, we have q(to) • q(^o) = 0- It follows from the proof of Lemma [13] below 
that q(t) is symmetric with respect to the reflection about the line spanned by q(to)- 
Moreover 


0 = / (q(t)+ et^'(|q(t)l^)q(t),q(to)) dt 

J in —5 




= (q(to + 6), q(to)) - (q(to - <5), q(to)) + £ / ([/'(|q(t)P)q(t), q(to)) dt. 

J to—S 


So if we take a family of curves q^ with constant Z := q£(to) such that the curve 
qs(t) for t G [to — 5, to) converges to a line segment of direction q(to — 6 ), then the 
limiting curve q(t) for t G (to, to + <I] will also be a line segment and 


(q(to + 6 ), Z) = (q(to - (5), Z) . 

So q(t) is what we call a billiard trajectory. 

A billiard trajectory is a curve q(t) in C which is piecewise smooth and 
satishes: 

• q(t) = 0 and |q(t)| = 1 whenever q is smooth at t. 

• If q is not smooth at to, then q(to) G dD^ and 


lim (q(t),q(to)) = - lirn (q(t), q(to)) • 


Let Y be the space of points (q, p) that belong to a billiard trajectory of D^. 
Here p is the velocity of the billiard trajectory at q. A natural pair of commuting 
independent Hamiltonians for the billiard flow on the disk is {Hq, v) where LIo(q, p) = 
||pp and n(q, p) = q x p is the angular momentum. But the induced action is not 
toric. In fact the vector field Xhq induces an M-action which is usually not periodic. 
We can use v to produce a pair of Hamiltonians which generate a toric action. We 
do that indirectly by dehning explicit action-angle coordinates as we explain below. 

We let a(q, p) = 2arccos(q x p) G (0,27r). Let L be the set of the points in 
Y corresponding to the oriented line segment from qo G dD^ to qi G dD^. For 
(q^p) £ L, we define s(q, p) to be the ratio |qo4l/|qoqi|- It follows from a simple 
calculation that 


s(q,p) 


q • p -b sin 
2sin(h%E)) 


We also dehne V'(q, p) = arg(qo) + s(q, p)a(q, p) G M/27rZ. 

We can see H as a subset of dPs. Under this inclusion, it follows from a calculation 
using the definitions above that 


A 




ds + cos 
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In order to obtain an actual toric domain, we need to perform a change of variables; 


(/?i(x) = s(x) - S M/Z, 

^ e M/Z. 

So 

A = (^2 sin - a cos dipi + (^2 sin + (27r - a) cos dif 2 - (8) 

In the following sections, we will make these ideas precise and explain how an 
equation such as ([8|) implies that int(PL) is symplectomorphic to a toric domain. 


2.3 The toric coordinates 


We now fix 0 < e < 1 and we let Y = dP^ endowed with the contact form 


A 


^ ^{Pidqi - qidpi). 
i=l 


For (q, p) E Y, we define u(q, p) = q x p G M, where x denotes the two-dimensional 
cross-product. We observe that v is constant along the Reeb trajectories. 

Lemma 12. The function v takes values in [—M, M] for some M. Moreover v~^{M) 
and v~^{—M) are circles. 

Proof. The Reeb flow is parallel to the vector field 


'^ = E 



2 


et/'(|qP)E 

2=1 


d 

Opi 


An integral curve of R is a solution (q(t), p(t)) to the system of differential equations: 

f q(*) = p(‘) , 

\ P{t) = -et/'(|qP)q(t). 

In particular, a solution to ([9]) is determined by its projection q(t), which satisfies 

q(i) = -eC/'(|q|2)q(i). (IQ) 


Moreover, when specifying the initial conditions (q(0),q(0)) to (jlOp . it is enough to 
give the direction of q(0) since its length is determined by the fact that (q(0), q(0)) G 

y. 

Let (q(t),p(t)) be a parametrization of an integral curve of V. We observe that 

^(|qWP) = 2p(t) •q(t), 

^ (q(t) • p(t)) = |p(t)l^ - eC/'(|q(t)P)|q(t)p. 
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( 11 ) 

( 12 ) 




It follows from dm) and (|12p that |q(t)P always has a maximum. We note that 
the points of local extrema of |q(t)| are the same as the ones of |q(t)p, but if 
^^(q(^))P(^)) = 0) then |q(t)| is not smooth for t such that q(t) = 0. 

If to is a point of maximum or minimum of |q(t)p, then for every t, 

v{ci{t),p{t)) = q(to) X p(to) = (5|q(to)| • |p(io)| = fQsJl- eC/(rg), 

where vq = 5|q(to)| and 5 is the sign of q(to)xp(to)- For r G [—^U~^{l/e), ^JU~^{l/£)], 
let /(r) = r-sjl — £U{r‘^). It follows from our choice of U that / is an odd function 
and that it has exactly two critical points f > 0 and —f < 0. Moreover f and —f are 
the points of global maximum and minimum, respectively. Let M = f[f). So / takes 
values in [—M, M]. 

Let C± = We will show that 6*+ and C_ are circles. Let (q(t),p(t)) 

be the integral trajectory of V such that u(q(t),p(t)) = M and let to be a point of 
maximum of |q(t)p. So |q(to)| = From f'{f) = 0 it follows that 

0 = 1 -eC/(|q(to)P) -eC/'(|q(to)|^)|q(io)|^ = |p(to)|^ - et^'(|q(to)|^)|q(io)|^- 

So p(to) = \/eL''(|q(to)P)^ • q(^o)) where • denotes complex multiplication in the 
plane Now let 

q(i) = gVeC/'(|q(io)P)(i-io)q(iQ)_ (13) 

Then q satisfies (fT0|) and (q(to)) q(^o)) = (q(^o)) p(^o))- By the uniqueness of solutions 
of differential equations, q(t) = q(t). So (7+ C K is a circle. Analogously, we can 
show that C- is a circle. 

□ 

Let C± be the circles defined above and let T = Y \ {C+ U C-). We will show 
that v\^ is a torus bundle and we will define a trivialization {ipi,ip 2 ) : Y —)• T^. In 
other words, we will construct a diffeomorphism Y = (—M, M) x T^. Before doing 
that, we will prove a lemma that will be necessary for the definition of the functions 
ifi and ip 2 - 

Lemma 13. Let (q(t),p(t)) be a Reeh trajectory. 

(a) If to < ti are two consecutive points of maximum o/|q(t)l, then the differences 
ti — to and arg(q(ti)) — arg(q(to)) G M/27rZ are independent of the choice 
of the pair toTi- 

(b) The differences in (a) depend only on the value of v{q{t),p{t)). 

Proof, (a) Let (q(t), p{t)) be a Reeb trajectory and let (q W>P (r)) be a parametriza- 
tion of the same curve, but now as an integral curve of V, i.e., 

(q(r),p(T)) = (q(t(r)),p(t(r))), 

for some smooth function t(r). By a simple computation, we obtain: 

t'{r) = -eC/(|q(t(r))|2) +e[/'(|q(t(r))|2)|q(t(r))p) = A:(|q(t(r))p), 
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(14) 


K{u) = \{l — £U{u) + eU'{u)u). So 

p(t) = K(|q(t)p)q(i). 

We write q(t) in polar coordinates q(t) = It follows from (fHl) that (fT0|) is 

equivalent to the following system of equations: 

J K{r^)‘^{f — r{9)‘^) + 2K{r^)K'{r‘^)r{r)‘^ = —£U'{r^)r. 

\ K{rYi‘^re + r9)+2K{r^)K'{r^yre = 0. 

Now let to < < ^2 be three consecutive points of maximum of r{t). By a translation 

of time, we can assume without loss of generality that to = 0. We now let r(t) = 
r(2ti—t) and 0(t) = 20(ti) —0(2ti —t). We observe that {r,9) satisfies (fTSl) . Moreover 

r(ti) = r(ti), 9{ti) = 9{ti), f(ti) = r(ti) = 0, 9{ti) = 9{ti). 

By the uniqueness of solutions of differential equations, we conclude that r(t) = r(t) 
and 0(t) = 9{t). So 


r(t) = r(2ti - t), 

^(t) = 2(9(ti) - 6l(2ti - t). (16) 

Now, since r(t) = —r(2ti — t) and r(t) = r(2ti — t) and since there are no points of 
maximum of r(t) in (0, ti), it follows that 2ti is a point of maximum of r(t) and that 
there are no other points of maximum in the interval (ti,2ti). So t 2 — ti = ti and 
9{t2) — 9{ti) = 9{ti) — 9(0). By induction, we conclude that the difference between 
any two consecutive points of maximum of r(t) is always ti and that the difference 
between their 0-values is 9(ti) — 9(0). 


(b) We first claim that if (qi, pi), (q2, P2) £ ^ are such that f (qi, Pi) = t'(q2j P2)) 
then (^ • qi, ^ • pi) is on the same Reeb trajectory as (q2, P2) for some A e SO( 2 , R). 
Let (qi(t),pi(t)) and (q2(t),P2(t)) be Reeb trajectories going through (qi,pi) and 
(q2,P2) at time 0, respectively. We can assume without loss of generality that t = 0 
is a point of minimum of |qi(t)p and |q2(t)p. We assumed that qi x pi = q2 x p2. It 
follows from (fTTIi that q^ • Pj = 0 for j = 1, 2. For < r < ^/U~^(l/£), 

we recall that f(r) = ry^l — eU(r^). Since (q^, pj) £ Y, we have 

/((5|qi|) = qi X Pi = q 2 X p 2 = f(6\q2\), (17) 


where 6 is the sign of qi x pi. We observe that 


l-eU(r^) -£U'(r^)r^ 
Y^l — £U(r‘^) 


(18) 


Let f be the unique positive critical point of /. Then —f < r < f if, and only if, 
f'(r) > 0. In particular / is injective on (—f, f). Since ^lt=o(|qj(OP) > 0; h follows 
from (fTTT) and (fT^ that 5|qj| £ (—f,f). So (fT7|) implies that |qi| = |q 2 |. Thus there 
exists A £ 50(2) such that A • qi = q 2 . Since q^ • Pj = 0 it follows that pj is a 


12 







positive multiple of the bixj2 rotation of qj. So A • pi = P 2 - By the uniqueness of 
solutions of differential equations, it follows that 

{A ■ qi(t), A • pi(t)) = (q2(i),P2(i))- 

So the differences in (a) are equal for the curves (qi(t), pi(t)) and (q 2 (i)j P 2 (i))- 
Therefore these differences only depend on the value of the function v. 

□ 


We will now define functions s : Y —)• M/Z and ijj : Y ^ M/27rZ as follows. Let 
V e (—M, M) and let (q(t),p(t)) be a Reeb trajectory with v = u(q(t), p(t)). If 
to < ti are two consecutive points of maximum of |q(t)|, we let G{v) = ti — to S M 
and a(u(q(t), p(t))) = arg(q(ti)) — arg(q(to)) G M/27rZ. It follows from Lemma [13] 
that G{v) and g_{v) are well-defined. We now let a{v) G M be the continuous lift of 
a{v) satisfying a(0) = it. 

Definition 14. For a Reeb trajectory (q(t),p(t)) and a point of maximum to of 
|q(t)|, we let 


^(q(0>pW) 


G'(u(q(t),p(t))) 

arg(q(to)) +s(q(t),p(t))a(u(q(t),p(t))) G M/27rZ. 


We hnally let s(q(t),p(t)) be the projection of s(q(t),p(t)) to M/Z. 

Lemma 15. If we choose a different point of maximum, then s(q(t),p(t)) changes by 
an integer and if does not change. So the functions s : T —)■ M/Z and if :Y ^ M/27rZ 
are well-defined. 


Proof. Let to < ti be consecutive points of maximum of |q(t)|. We observe that 

s(q(t),p(t)) = ^ = ^ + l, 

V’(q(i),p(i)) = arg(q(to)) -h 777 ^a(u) = arg(q(to)) a{v) ^y:^a{v) 

Lr{V) 

= arg(q(ti)) -h G M/27rZ. 

G{v) 

By induction, if we choose a different point of maximum, s(q(t),p(t)) changes by 
an integer and '0(q(t), p(t)) does not change. Hence the functions s and if are well- 
defined. □ 


Remark 16. It follows from the proof of Lemma [13] that if to < ti are consecutive 
critical points of |q(t)p, then G{v) = 2(ti — to). Moreover if u 7 ^ 0, then gfv) = 
2 (arg(q(ti)) - arg(q(to))). 

Remark 17. If to < ti are consecutive critical points of |q(t)p such that to is a point 
of maximum and ti is a point of minimum, then 

sgn(u) arg(q(ti)) = arg(q(to)) -h 

provided that u / 0. If u = 0, then «('(;) = tt and arg(p(ti)) = arg(q(to)) -|- vr. 
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Proposition 18. The function {v, Sj'tp) \Y ^ {—M, M) x M/Z x is a diffeo- 

morphism. Moreover, 

A = {G{v) — a{v)v)ds + vdTp£ M). 

Proof. Step 1: We first show that {v,s,^|J) is smooth. 

First we note that v is smooth. Let N be an open and connected subset of Y which 
satisfies the following property: Each Reeb trajectory 7 (f) = (q(t),p(f)) intersecting 
N does so in a connected subset and there is exactly one point of maximum to and 
one point of minimum of ti > to of |q(t)P satisfying { 7 (^ 0 )! 7 (^ 1 )} C N. We observe 
that s\i\f lifts to a function s : N ^ M. Moreover, we can define a continuous function 
0 : 7/ —)• M such that 

0(q, p) = arg(q(to)) (mod 27r), 

where to is a point of maximum of |q(f)| for a Reeb orbit (q(f),p(t)) going through 
(q, p) and 7(to) G It follows from Remark [16] that we can choose s so that 
s(q(fj), p(fj)) = ijl for j = 0,1. These lifts determine a lift 'if of iPIn such that 
Ip = 9 + a{v)s. It follows from the smoothness results of differential equations that 
s, 9 and 'ip are smooth. Since every point of Y is contained in such a subset N, it 
follows that {v, s, Ip) is smooth. 

Step 2: We show that the function {v, s, ip) is a diffeomorphism. 

We will construct the inverse function H : (—M, M) x M/Z x 'RI2'k'L —)• Y. Let 
(uo, So, ipo) G {—dYd, M) X M/Z X M/27rZ. We consider sq G ffi a pre-image of sq under 
the quotient map M —)• M/Z and we let 

9o = ipo- a(vo)so + G M/27rZ. 

By CHI), f(r) > 0 for all r G (—£,£). So /|(_r,r) is a diffeomorphism onto (—M, M). 
Let ro = fl^_^f.f.^(vo)- We now let qo = roe®®° and po = y^l — sU(rQ)ie^^°. Let 
(q(t),p(t)) be the Reeb trajectory such that (q(G(uo)/2),p(G(uo)/2)) = (qo,Po)- 
We let 

E(vo,so,'ipo) = (q(G(vo)so),p(G(vo)so)). 

We claim that S is well-defined, smooth and that H is the inverse of {v,s,'ip). To 
see that, we first note that u(S(uo, so, ipo)) = roy^l — eU{r‘Q) = /(ro) = vo- It follows 
from Remark [TH] that the difference in time between two consecutive critical points of 
|q(t)|^ is G{vo)/2. So 0 is a point of maximum of |q(t)p. Moreover, it follows from 
([TU]) that E(uo, so,'ipo) does not depend on the choice of so- The fact that S is smooth 
is again a consequence of the smoothness of solutions of differential equations with 
respect to the initial conditions. From Remark [TUI we also obtain s{E{vo, so,'<po)) = 
So = So G M/Z. Now it follows from Remark [T7I that arg(q(0)) = 9o — even in 

the case when vo = 0. Therefore 

'tp{E{vo, So, V’o)) = arg(q(0)) a(ro)so = V’o G M/2Z. 

So (v, s,ip) o E = I. 

For the converse, let (q, p) G Y. Let (uo, sq, V’o) = (^, s,'0)(q, p). So if 0 is a 
point of maximum of |q(t)P on a Reeb trajectory (q(t),p(t)) containing (q, p), then 
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(q(G('(;o)so), p(G(fo)5o)) = (q, p), for some lift sq G M of sq G M/Z. Moreover, 
V'o = arg(q(0)) + a{vo)so. Now let ro := = sgn(r;o)|q(G(r;o)/2)|. From 

Remarks m and M we obtain 

q(G(r;o)/2) = = ^^g<bo-aRo).-o+^) ^ 

p(G(r;o)/2) = = ^1 - . 

It follows from the uniqueness of solutions of differential equations that (q(t),p(t)) 
is the trajectory used to define H above. Therefore 


S(uo,so,V'o) = (q(G(uo)so),p(G(uo)so)) = (q,p)- 

Step 3: We will show that \ — v dO = d{G{v)s) on N for every N as defined in 
Step 1. 

We first observe that it follows from Step 2 that (u, s, ■0) : —)■ (—M, M) x is 
a smooth chart, where s and ip are the lifts of s and ijj which are defined in Step 1. 
Since V' = 0 + a(u)s, 

d'ip = dO + sa'{v)dv + ads (19) 


Now lei T] = \ — V dO — d{G(v)s). We will show that ij = 0 on N. We observe 
that d6{R) = 0 and that d{G{v)s){R) = 1 whence ri{R) = 0. Moreover dv{R) = 0 so 
Crt] = d{rj{R)) + {d\ — dv A d6){R, •) = 0. Hence the Reeb flow preserves rj. 

Let ZD C iV be the set of all points (q, p) G N such that |q| is the maximum of 
|q(f)| for a Reeb trajectory (q(t),p(f)) through (q,p). We now claim that r] = 0 
on D. Following the usual notation, we will denote by d/dv the vector field on N 
satisfying 

dv{d/dv) = 1 and ds{d/dv) = d'ip{d/dv) = 0. 

Let W be the vector field on N dehned by 

W = p 2 -^ - Pi-^ + eU'{\c{\^){q 2 -^ - qi^ 

oqi dq2 V dpi dp2 


At a point (q, p) G ZD, the vectors q and p are perpendicular, so the flow of W 
preserves arg(p) and arg(q) and does not change s and if:. So ds{W)\D = d'ilj{W)\D = 
0 and hence d/dv is parallel to W along ZD. So \{d/dv)\D = A(IF)|d = 0. Moreover 
since s|d = 0, it follows from (fT9l) that d 6 {d/dv)\D = 0. We now let X be the vector 
field on N defined by 


d d d d 

X = -P2w-- q2-^ - 

dpi dp 2 dqi dq 2 


The flow of X is the exponential of the 50(2)-action. Hence d0{X) = 1 and dv{X) = 
0. Since the flow of X preserves ZD, we have ds(AL)|£) = 0. So 


p{R)\d = 0, 



r]{X)\D 



{\{X) - 


vde{X))\D-G{v)d~s{X)\D = {v 


= 0 , 

D 

v)\d -0 = 0 . 
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Since W and X are linearly indepedent and W\d and X\£) belong to ker(A)|£), it 
follows that R\d-, W\d and are linearly independent. Therefore = 0. Since 
the Reeb flow preserves rj, it follows that rj = 0 on N. 

Step 4: We conclude the proof of the proposition. 

Let D C N he the set of all points (q, p) G N such that |qp is the minimum 
of |q(t)P for a Reeb trajectory (q(t),p(t)) through (q, p). Then s(q, p) = 1/2, for 
every (q, p) G D- By (fT^ . d6{d/dv) = —a'{v)l2 at all points on D. As in Step 3, at 
(qjP) G D, the vector W is parallel to d/dv. So X{d/dv)\jj = 0. It follows from Step 
3 that 


-a'{v)v = 



{G{v)ds + sG'{v) dv) 



D 



So G'{v) = a'{v)v. It follows from (fTOll that 


\ = vdO + G{v)ds + sG'{v) dv = {G{v) — a{v)v)ds + v dijj. 


Since this equation holds for all N, and since ds = ds and dijj = dip, 

A = (G(u) — a{v)v)ds + v dip. 


□ 


We can now dehne the toric coordinates ((^ 1 ,(^ 2 ) as follows. 

Definition 19. For x G T we let 

I()i{x) = s(x) - € M/Z, 

The following corollary is a straight-forward consequence of Proposition [THJ 

Corollary 20. The function (v,ipi,ip 2 ) ■ Y — >• (— M, M) x (M/Z)^ is a diffeomor- 
phism. Moreover, 

A = {G{v) — a{v)v)d(pi + (G(v) + ( 27 r — a{v))v)d(p 2 - 

2.4 The extension to Y 

We now define $ : T ^ by 

(x) / p 2 (x) ^ 2 TTiifi 2 (x) 

TT ’ V TT 

where /9i(x) = {G{v) — a{v)v){x) and P 2 {x) = {G{v) + {2 'k — a{v))v){x). In the 
following technical lemma, we will show that 4> is well-defined and that it extends to 
an embedding of Y into C^. 
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Lemma 21. The functions pi and p 2 are positive functions and they extend to Y such 
that pi\c+ = 0 and P2\c- = 0. Moreover $ can be extended to a smooth embedding 
: y ^ satisfying <^>*A = A. 

Proof. Step 1: We first assume that $ can be extended to a smooth embedding 
We claim that <h*A = A. 

We can write 

1 2 

A = - '^rfdOi, 

i=l 

where Zj = rjC^^^ are the coordinates of C^. It follows from (j20D and from Corollary 
1201 that 

$*A = 2 ^d{27T(pi) = ^ pidtpi = A. 

i=\ i=l 

By continuity, we conclude that <I>*A = A on all of Y. 

Step 2; We now reduce the rest of the proof to showing that /Oi(x) and P 2 (x) are 
positive if n(x) > 0, that pi\c+ = 0 and that $ smoothly extends to C+. 

Let X = (q, p) E y and let x = (q, —p). So n(x) = —v{x.). We claim that 
G o n(x) = G o n(x) and a o n(x) = 27r — a o n(x). Indeed if (q(f), p(t)) is a Reeb 
trajectory going through x, then (q(—f), —p(—f)) is a Reeb trajectory going through 
X. If fo < fi are consecutive points of maximum of |q(f)| then —ti < —to are two 
consecutive points of maximum of |q(—f)|. So 

G o t!(x) = ti — to = {—to) — (—fi) = G o n(x). 

Moreover arg(q(fi)) — arg(q(fo)) = — (arg(—q(—fo)) — arg(—q(—fi))) E M/Z. This 
implies that aon(x) = —aon(x) (mod 27r). Since Q!(0) = vr, it follows that aov{x) = 
27r — a o v{x). Hence we obtain: 

Pi {5c)=Go v{x) - (27r - a o v{x)) (-u(x)) 

= G o v{x) + (27r — ao v{x))v{x) = /92(x). 

It follows from (I2TI1 that if /Oi(x) and / 02 (x) are positive for n(x) > 0, then they are 
also positive for v{x) < 0. Moreover if pi|c+ = 0, then p 2 \c- = 0- 
By a similar reasoning as above, we can deduce that: 

s(x) = s{x), tp{^) = 27rs(x) — ^p{x). 


Hence 

= 992(x). (22) 

From (j2ip and (I22p we conclude that $ can be smoothly extended to C+ if, and only 
if, it can be smoothly extended to G-. 

Step 3: We will express the functions s, if, G and a as integrals in preparation 
for the next steps. 

Let X E y such that v(x) > 0 and let (q(f), p(t)) be a Reeb trajectory such that 
X = (q(fx)) p(ix ))5 for some t^- We also let to the largest point of maximum of |q(i)P 
with fo < fx- 


17 


Let ti be the following critical point of |q(t)p, i.e., ti > to and there is no critical 
point between to and ti. Then ti is a point of minimum of |q(t)|^. Now let r{t) 
and 9{t) be the polar coordinates of q(t) and let rj = r(L), for i = 0,1. Recall the 
function /(r) = r^/l — eU{r‘^). So ?;(x) = f{ro) = From (fTTll it follows that 

u(x) = q(t) X p{t) = K{r{tf)q{t) X q(t) = K{r{tf)r{tfe{t), 
where K{u) = |(1 — eU{u) + eU'{u)u). So 

■ ^ ^(x) ^ f{ro) 

K(^f 2 )r 2 

From the first equation of (fT3]) and ([23]), we obtain: 

K{r‘^fr + 2K{r‘^)K'{r‘^)r{rf = - eU^r^. (24) 

We will first assume that to < ty^ < ti. This is equivalent to requiring that 
s(x) e (0,1/2], So r < 0 in which implies that r is invertible in So 

we can write r as a function of r in Integrating (|24|) in (ro,ri) and using 

r{to) = 0, we obtain: 




Therefore 

K{r‘^)r 

(25) 

If we write u = r'^, then (I25p is equivalent to: 


^y^Fiu)-F{uo) 

K{u) 

(26) 


where F{u) 
of F. So 


u{l — sU{u)) and uq = Tq. Let u be the (unique) positive critical point 
1 — £U{u) — eU' {u)u = 0 


and u = f'^, where f > 0 is the radius of the circles (7+ and C-. Note also that 
F{u) = = /(f)^ and that u(x) = /(ro) = F{uo)- Let = u{ty). Since ft < 0 

in {to,ti), it follows that u is invertible in (to,ti)- 
It follows from (1231) and (j26l) that: 


s(x) = 


to 


G o u(x) Gor;(x) 
> ^^(x) Ju 


UQ 

K{u 


fUx 

/ t'{u) 

J Un 


2 Go 


Vt(x; 


y'Fiu) - F{uo) 

, , ,, a o t;(x) , , 

= arg(q(t„)) + ■ (t, - t„) 


du 

du. 


(27) 


r^'X. ^ ^ Q 

g{q(W)-£ + <» 


du 


2 u^F{u) - F{uo) 


aovCx) Kiu) 

du + : 7 V;—Vr / , . / == du. 


2G o ufx) 


y'Fiu) - F{uo) 


(28) 
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Since F'(u) = 0, we can write 

F{u) = F{u) - H{u){u - uf, 

where H : {ui,uo) —)• M is a smooth function. Moreover, F[ > 0 since F{u) is 
the maximum of F and F[{u) = —^F"{u) > 0. For u G {u\,uq), let W{u) := 
— and let ^(x) = ^^/F{u) — F{uo) = W{uq) = —W{ui). We note that 

W'{u) = -F'{u)/{2W{u)) > 0 for u / h and W'{u) = = ^-\F"{u) > 0. 

So W is a diffeomorphism onto (—^(x), ^(x)). We change variables in (1271) and 
by letting C = arcsin ■ Let Cx = arcsin • 

Therefore we conclude that if s(x) G (0,1/2] C 


, then 


s(x) = 


t(x)) Jr, 


2G{vy^)) Ji^. 

•(/(x) = arg(q(tx)) - 


KoW-^ 
u(x) 


W'oW 

r-7r/2 


/ 

Jc. 


— (A(x} sinC)dC, 

1 


(29) 


1 / —sin C) 

W-i • (W'oW-^)^ ^ ^ ^ 


a o v(x) K oW ^ . , 

+ 2G^/. 


(30) 


Now we assume that ti <ty^< 2ti — to which implies that s(x) G (1/2,1] C 
By an analogous calculation and using Remark [TUI we obtain 

/ \ ^x ^0 (2ti to) ^x 

s(x) = -rw = 1 - 


G o ufx) 


= 1 - 


1 


G o u(x) 
2G o u(x) 


fUx 

/ t'{u) 

JUQ 


G o v{x) 
du 


K oW~^ 


(31) 


We note that the last equality holds since s(x) G M/Z. 
Similarly, if s(x) G (1/2,1], then: 


1 - (2ti - to - tx) 


ip{x) = arg(q(tx)) - [ 0(t) dt + a o u(x) 

Jti G o u(x) 

= arg(q(tx)) - / d(t) dt + f t'{u)du 

\ Jto Go u(x) J 

= arg(q(tx)) - ( - 


Uq 

7;fx) 




+ 


a o v{x) K oW ^ 


2G o v{x) 


f 

dCx 


W'oW 


— (A(x) sinC)dC 


(32) 


We will now write integral formulas for aov and Gov. Since u(x) > 0, it follows 

-ti 

to 


from Remark 1161 that a o u(x) = 2 6 {t)dt. So, by a similar calculation to the one 
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above, we obtain: 


a o ?; X = X 


/2 1 

-T—;-t-(A(x) sin 0 dC, 


G o v(x) = 


J-7r/2 

KoW~^ 

— (A(x) sm()d(. 


/-7r/2 


W'oW- 


(33) 

(34) 


Step 4: We now show that pi(x) > 0 and P 2 (x) > 0 for all x satisfying v(x) > 0. 
Let X £ Y and let v = v{x). Assume that v{x) > 0. Let ( G (—7r/2,7r/2) 
and u = LL“^(A(x) sin (^). It follows directly from the definition of K and F that 
K{u) = (1 - eU{u)) - F'{u)/2. So 


K{u) 

W'{u) 


\ u 2^7 W'{u) 


m2 - W{u)^ F'{u) 


uW'{u) 


2W'iu)' 


Since W{u)'^ = — F{u), it follows that 2W{u)W'{u) = —F'{u) and hence 


K{u) A/2 - W{uf 


So 


K{u) V 

W'{u) ~ uW'{u) 


W'{u) u-W'{u) 

A/2 - W{uf - 7 


+ W{u). 


(35) 


V = 


u ■ W'{u) 

A(x)2 COs2 ( 


+ W{u) 


(36) 


(W-i • {W o W-i))(A(x) sin C) 
Therefore from ([33]l . (fMl) and (i36l) . we obtain: 


+ A(x) sin (. 


pi{x) = G{v) — a{v)v = 


/ 


r/2 


A(x)2 COs2 C 


-V2 V • {W o iy-i))(A(x) sin 0 

M/2 yl(x)2 C0s2 C 

1-^/2 {W-F (W' oW-^)){Aix)smC) 


+ A(x)sinCj dC 
dC. (37) 


The integral in (I37p is strictly positive, since the integrand is strictly positive in 
(—7r/2,7r/2). Therefore pi(x) > 0 if v{x) > 0. Moreover, if v{x) = 0, then A(x)2 = 
A/2. By continuity, it follows from (j37p that 

^ y_,/2 (lT-i-(IT'oIT-i))(MsinC) ^ 

Finally, since we are assuming that v{x) > 0, we obtain: 

P 2 ix) = pi{x) + 27ru(x) > pi(x) > 0. 

Step 5: We will prove that Gov and ao v can be smoothly extended to (7+ and 
that pi\c+ = 0. 
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Let re > 1 be a natural number. Since is smooth, it follows that there 


exist Cl,, C 2 n+i S K, such that 


KoW-^ , , Kiu) 

—iy) = 


2n+l 


W'oW- 


W'(u) 


+ + *^^y 


2n+2\ 


i=i 


where O is a continuous function satisfying |0(y)^"'"’~^| < cy^"'"’“^, for some constant 
c > 0 and for y sufficiently small. So 


Ty /—\ 272+1 p7zl‘l 

'kK[u) — / ' 


W'{u) 

7rK{u) 

W'{u) 


/ TT/^ rTT/Z 

CjA{xy s+ C++ / 0((^(x) sin (^)2n+2^ 

j — L ■7I'/2 J—7rj2 

^ f‘7rt2 

+ V / C 2 +(x)+ sin+ C+ + 0 (^(x) 2 ^+ 2 ). 

J = 1 J-k/2 


(38) 


Since ^(x)^ = — u(x)^, it follows that can be smoothly extended to C+. Let 

x+ G C+ and let AC be a neighborhood of x+. So there exists a constant c > 0 
such that A(x)^ < c|x — x_|_| for all x G AC. Hence 0(A(x)^"'+^) < O (|x — x+l^^^) . 
Therefore the sum (1381) defines a function on AC which is re times differentiable. Since 


re and x^_ were arbitrary, it follows that Gov can be smoothly extended to C+ so 
that Gov\c+ = 

Analogously, a o v can be smoothly extended to G+ so that ao v\cj^ = . 

Moreover, using (1371) and proceeding as above, we conclude that there exists a smooth 
real function h satisfying /i(0) = 0 such that 


pi(x) = A(x)" 


= ^(x)^ 


\uw'{u) y_,/2 

f M^vr r / . / n2\ 

\2uW'{u) ^ ^ ’ 


cos^ C+ + h{A{x) 


So there exists a smooth function h ‘.Y ^ M, such that 


V^pi(x) = A(x)/i(x). 


(39) 


In particular, pi\c+ = 0. 

Step 6: We will now define smooth functions Ci and C 2 in a neighborhood of (7+, 
such that A(x)^ = Ci(x)^ + C 2 (x)^. 

We first define a function T as follows. 


T : (7+ X +>2 

((q, A),y,z) 


Y 


I-)- 


^(1 + ?/)q, 


'l-eC/((l + y)2re) 
1 - sU(u) 



Here denotes a disk with a small radius. We observe that T is a diffeomorphism 
onto a neighborhood AC of C+ provided that the radius of the disk is small enough. 
For X G AC, we let Ci(x) = kF(rex) = kF((l + y)^re). So Ci is smooth. 
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Now we consider the function L(x) = A(x)^ — ^i(x)^. By a simple calculation we 
obtain: 

L o T((q, p), y, z) = F{{1 + yfu) - u(T((q, p), y, z))f = F((l + yfu) sin^ z. 

Since \z\ is small, the set of critical points is {z = 0} H ((7+ x D^) which is a smooth 
submanifold of Af. Moreover 

p),y, 0) = 2F((1 + yfu) > 0. 

So L is a Morse-Bott function. Therefore there exists a smooth function ^2 dehned 
in a neighborhood of the critical set (which we could assume to be Af by possibly 
shrinking it) so that T(x) = ^ 2 (x)^. Therefore 

- u(x)^ = A(x)^ = Ci(x)^ + 6(x)^. 

We observe that we can choose the function ^2 so that 


^ 2 (x) > 0 s(x) G (0,1/2) and C 2 (x) < 0 s(x) G (1/2,1). (40) 


Step 7: We now show that ip can be smoothly extended to C+. 

We first let J(u) = iW~^ ■ iW' o W~f){u). It follows from (IHHl) . (13211 . (I33|) . (IMIl . 
dSSI) and (Uni) that, for x G W \ C+, 


V'(x) - arg(q(tx)) 


^(x) 

2G o u(x) 


• (T)(x) + a o u(x) •6(x)), 


where 


T>(x) = sgn(^ 2 (x)) 



— 2l(x)^ sin^ C 
J{A{-x) sini/) J(^(x) sin C,) 

_ yl(x)2 sin2 ( 

J(T(x) sin (p)J{A{-x) sin Q 


dCdC 

-dCdC 


(41) 


(42) 


We observe that hma;^c'^ D{x) = 0, so we can extend ijj and D to C+, by letting 
D\c+ = 0- In particular, (i4T]l and (I42|) hold for all x G Af. Since the function 
X I—)• arg(q(tx)) is smooth in Af, it follows from Step 5 and (I1T]1 that it suffices to 
show that D is smooth. 

From (I42p we obtain: 


sgn(e 2 (x))Zl(x) = - 7 . dCdC 


+ 


/-7r/2/c^ J(^(x)sinC)J(^(x)sinC) 
rG m 2 - 2l(x)2 sin2 C 
A, y _^/2 J(^(x)sinC)J(^(x)sinC) 
M/2 A(x)2sin2C 


dCdC 


l-n/ 2 Jc. J(^(x)sinC)J(^(x)sinC) 
fG ^(x)^ sin^ ( 


nTT/Z p 

JC:r J- 


=7l(x) 


Cx J-7,/2 J (^(x) sin C) J(^(x) sin C) 
M/2 sin2 C _ sin2 C, 


dCdC 
dCdC 


'-k/ 2 Jc,^ J(^(x)sinC)J(^(x)sinC) 


dCdC- 


(43) 
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Since J is a smooth function bounded away from 0, we can write 


. 2n+l 

^ ^ c,!," + oiy). (44) 

It follows from (HHIl and (fiH) that 

rCx rTr /2 

L»(x) = sgn(^ 2 (x)) / / X] CiCfc^(x)^+''+2sgn(^2(x)) sin^ Csin'' C(sin^ C - sin^ C) dC dC 

J-tt/2 Jc,x j,fc=0 

+ 0(A(x)2^+2) 

2n+l 

= -Y, C,C,A(x)^+%.,(x) + 0(A(x)2-+2)^ 

j,k=0 


where 

/jfc(x) = f f (sin-^ Csin''C + sin''Csin-^ 0(sin^ C “ sin^ C)c^Ct^C- (45) 
J— 1^/2 J 

We now claim that ^(x)'^+''+^sgn(^ 2 (x))/jfe(x) is smooth. It follows from a simple 
calculation that the function 


P{C) := (cosC)-P,(smC) + C, -C 


is a primitive of the function sin-^ where Pj is a degree j — 1 polynomial such that the 
degree of all terms of Pj has the opposite parity as that of j, and Cj is a non-negative 
constant which equals 0 if j is odd. We recall that sin^x = and cos^x = 

By another simple calculation, we obtain 




C=7r/2 


C=Cx 


i^iC) 


C=Cx 


C=-7r/2 


^ /vr |6(x)| •Pj( 6 (x), 442 (x)) 

A(x)y 

^ , I6(x)| • Pj(6(x),A2(x)) 

Cj • (^Cx + 2 j + 


Here Pj is another polynomial. 
From (j45ll . we obtain 


-fjfc(x) = 



C=Cx 

C=-7r/2 

C=Cx 

C=-7r/2 


(46) 

(47) 


(48) 


It follows from (HHIl . (1471) and (HHIl that 

= H(x)W2 (^^-+2 -Pk-Ck- P ,+2 + Ck +2 • Pj - Cj • Pfc+ 2 ) (6(x), (x)) . 
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Therefore is smooth. 

Step 8: We now show that the function can be smoothly extended to 

C'+. 

It follows from (|29l) and (1311) that, in a neighborhood of (7+, 


s(x) = sgn(^ 2 (x)) 


1 r 

2G o u(x) 


K o W~^ 

TPWw7=T{'4(x)sinC)<fC. 


We recall from ([38l) that G{M) = . Now arguing as in the previous step and 

using (IMD, for a fixed n, we obtain: 


«{x) = sgnfe(x)) (T (I - c,) (1 + P"(.4{x)2))i + 6{x)P"{x) + C>(yl"“+2(x)). 


Here is a degree n polynomial and is a smooth function. Hence 

^ (1 + pn(x) + o (H2-+2 (x))) . (cos (sgn(6(x)) - Cx)) ,sin (sgn(e 2 (x)) - Cx))) 

= (1 + P"(x)+0(.4-«(x))).(|M,|M). 

where P"" is a smooth function which vanishes along (7+. It follows that 
^(x)e 2 «s(x) ^ (^^(x),^ 2 (x)) + S(x) + 0(H2-+2 (x)). 


Here S and O take values on C and P is a smooth function vanishing along (7+. 
Therefore we can smoothly extend to (7+. 

Step 9: We now show that $ can be smoothly extended to (7+. 

We define $ by substituting $ by <I> in (j2U|) and by considering the extensions 
of pi, p 2 and p 2 to C+. We note that p\ is not defined on (7+, but <h(x) is still 
well-defined on (7+, because pi|c+ = 0- Since P 2 |c+ = it follows that ^p 2 (x) 
is smooth on (7+ and hence, by Step 7, ^= \Jp 2 is smooth. 

Now from Definition [19] and (l3^ we can write 

= H(x)/i(x)e2™We-*^W = (H(x)e2^“W)/i(x)e-*’^W. 

So, by Steps 7 and 8, the function is smooth on (7+. Therefore $ is 

smooth on (7+. □ 


2.5 The symplectomorphism 

We need one more lemma before proving Theorem [3| For 0 < e < 1, let Dg be the 
region of the first quadrant of bounded by the coordinate axes and the image of 
the function (pi,p 2 )- We now let be the toric domain 

Lemma 22. For ei < £ 2 , we have D X^^. Moreover Ue^e = int(Xo). 
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Proof. It follows from the definition of pi and p 2 that the boundary of fig is parametrized 
by 

{G{v) — a{v)v, G{v) + (27r — a{v))v) , (49) 


for V G [—M, M], We recall that G, a and M depend on e. Let adv) = G{v) — a{v)v. 
We claim that (Je{v) increases as e decreases for a fixed v. We first show that for 
u > 0. After a change of variables, it follows from (1371) that for n > 0, 


= ( 50 ) 

Here uq and ui are the maximum and minimum values of |q(t)P where (q(t), p(t)) is 
a Reeb trajectory with v = u(q(f), p(t)). Since = uo{l — eU{uo)) = ui{l — eU{ui)), 
we conclude that if we fix v and decrease e, the value of uq is increased and the value 
of ui is decreased. Moreover, for a fixed u, the value of F{u) = u{l — eU{u)) increases 
as e decreases. Therefore as e decreases, the integrand in (1501) increases and so does 
the interval of integration. Thus for a fixed u > 0, cr^{v) increases as e decreases. 
Now since cre{v) = ae{—v) — 2 ttv, it follows that crs{v) increases as e decreases for a 
fixed u < 0. So for u < 0, cr^{v) also increases as e decreases. Finally, for u = 0, it 
follows from (1261) and from the definition of K that 


( 51 , 

Jo y/F{u) Jo ^ 

So (Te(0) increases as e decreases. Hence for fixed v, both coordinates of (1491) increase. 
Therefore for si < 62 , we have D X^.^- 

We will now show that (J^ = int(Ao). Recall that M = sjF{u), where u is the 

critical point of F. It follows from a simple calculation that as £ decreases, the values 
of u and M increase to 1. Now let V{ao) = cos (^) • Note that R is a diffeomorphism 
between (0, 27r) and (—1,1). Moreover for every ao G (0,27r), the number a^{y{ao)) 
is defined for e small enough. We claim that 

limcrg(R(ao)) = 2 sin - «cos > (^2) 


for every ao G (0, 27 r). From this it follows that {J^X^ = int(Ao). 

We will now prove (l5^ . First we assume that ao G ( 0 , 7 r). So R(ao) G (0,1). 
Let V = V{ao) and let uo,ui be as above. Since v'^ = ui{l — £U{ui)) and U{ui) is 
bounded, it follows that ui ^ as e ^ 0. Moreover uq ^ 1 as e —>■ 0, since uo> u 

and M —)■ 1. We observe that the function ^ continuous function of (e, u) 

for 0 < e < 1/2 and uo < u < ui. Note that uq and ui depend on e, so the region 
described above is not a rectangle. It follows that we can take the limit as e ^ 0 in 
(150]) and we obtain 


lim cjg 
£^•0 



du = 25 /r^ - 2 v arctan 


ao cos 



= 2 sin 


u 

2 


25 


V 
















Hence (15^ holds for ao G (0, tt). For oq G (tt, 27r), we have v = V{ao) G (—1,0). 
Since G{—v) = G{v) and a{—v) = 27r — a, we obtain 


hm(7e('(;) = lim(G(—?;) — a{—v)){—v) — 2Trv) 

£^■0 e^O 

n ■ ^ aoi-v) ^ ao{v) 

= 2 sin- - -cos- - -27r cos —-— 

^ . 27r-ao(r;) , ,, 27r-ao(^^) ^ ao{v) 

= 2 sin- - -(27r — aQ[v)) cos- - -27r cos —-— 

= 2 sin —^- Oioyv) cos ■ 


So 


2 ^ 2 

holds for ao £ ^vr). For ao = vr, we claim that we can still take the limit 


as e —)• 1 inside the integral (jSip . In fact, since 
away from 0, it is enough to show that 




ri/2 
lim / 

Jo 




u 


u 


is continuous in (e, u) for e 

(53) 


To prove that, we first observe that 
/■V2 / 1 


U 


Vu Jo 


eU{u) 


+ 1 ) 


du. 


Since the function —is uniformly bounded in [0,1/2] for e sufficiently small 
aiid /o^ ' 


— du converges, it follows that (1531) holds and therefore 


lima^{V{7r)) = limae{0)=f 
^•O £—^-O Jq -y Vj 


du = 2. 


So (l52]l holds for ao = tt. 


□ 


Proof of Theorem 0. It follows from Lemma [21] that <b is a strict contactomorphism 
from {dPs,X) to (SX^jA). So <I> induces a symplectomorphism 


((-5,00) X dPe,d{e^X\dpJ) = ((-5,oo) x dXs,d{e^X\ax,)) , 


(54) 


for 5 > 0. We recall that the flow of the Liouville vector field induces symplectomor- 
phisms between neighborhoods of \ P^ and \ and the two manifolds in (15411 
for small 5, respectively. Therefore we obtain a symplectomorphism between neigh¬ 
borhoods of \ Pe and \ X^. Therefore, by Gromov-McDuff [HI Theorem 9.4.2] 
there is a symplectomorphism of that maps P^ to X^ and whose restriction to 
dPe is ‘b. We observe that for varying e, these symplectomorphisms define a smooth 
family of symplectic embeddings $£ : C^, whose images are X^. 

By Lemma 1251 the domains X^ are nested and 


IJX, = int(Xo). 
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We would like to take the limit of the maps but we cannot do that in general, 
because the maps <!>£ are not nested. Instead we use an argument from [9]. Let 
{Sn} be a decreasing sequence of real numbers converging to 0. Since ^en-i{Pen-x) C 
^en{Pen)^ we have an isotopy of symplectic embeddings o —)• Pe^ for 

t G [e„,e„_i]. By the symplectic isotopy extension theorem, we can extend it to an 
isotopy of symplectomorphisms of for t G [en,£n-i]- We compose this isotopy 
with <I>£^ and take t = to obtain another symplectic embedding, denoted by 
: Pen with image such that 

• ^n\Pe„_, = ^en-1, 

• = ^sn fo neighborhood of dP^^. 

So we can define the embedding 'Loo : iiit(PL) —)> by 'I'oo(3^) = ^n(3^) for x G 

\ Pe„-i- It follows from the properties above that 'I'oo is smooth and that its 
image is UgXg = int(Xo). □ 

3 Embedding int(Xo) into £^(4,3\/3) 

In this section, we will prove Proposition [8l Before that, we recall some constructions 
for toric domains. Let T{a,b) be a triangle with vertices at (0,0), (a, 0) and (0,6). 
Then Xx(a,b) = E{a,b). Let T'{a,b) be a translation of T{a,b) that is contained in 
the interior of M>0' We let E'{a,b) = Xrpi[a,b)- We note that a different choice of 
r'(a, b) induces a symplectomorphic Xx'(a,h)- Therefore we do not need to specify the 
translation as long as T'{a,b) does not intersect the coordinate axes. We will write 
B'{a) := E'{a, a), T'{a) = T'(a, a) and T{a) = T(a, a). 

We now recall two facts about toric domains that will be important in what 
follows. 

Lemma 23. If ^ C does not intersect the axes and A G 5'L(2,Z), then Xq is 
symplectomorphic to XA-n- 

Lemma 24. For every e > 0, there exists a symplectic embedding 

E{a,b) ^ {l + s)E'{a,b). 

Lemma[23] follows from a standard calculation and Lemmal^^is a result of Traynor 
[11], see also |8]. We also observe that E'{a,b) C E{a,b). Now let be a concave 
toric domain and let rci > i /;2 > • • • be its weight sequence as defined in Hi.31 This 
procedure also determines a decomposition of H into (nondisjoint) regions, which are 
afhne equivalent to triangles. We will now recall how to obtain the embedding ([3]). 
Let e > 0. By Lemma [2ll B{wi) (l + |) B'{wi) for all i. 

For every i, the interior of T'[wi) is contained in a region of H after multiplying 


C SL{2,Z). 

So (1 + ^)B'{wi) (1 + s)Xfi, for every i and the images of these embeddings are 

pairwise disjoint. Therefore we obtain the embedding Q. 


by a certain number of matrices in 



■ 1 0 ■ 

-1 r 

j 

1 1 

1 


1 

0 
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Xi Wi X2 


x[ W 2 x '2 


x'( Wi X 2 


(a) The region Qq: 


(b) The region 0 ,2- 
x[ = 2\/3 + 7r/3 — 4, 
W2 = 3-\/3 - 4, 

X 2 = 27r — 4, 
y[ = V3- 7 r/ 3 , 

2/2 = 2 


(c) The region ^ 4 : 

x'l = 3 V 2 + 7rV2/4 - 3v^, 


xi = 2 , 

= 4, 

X 2 = 27r, 
2/1 = 2 , 
2/2 = 27r. 


W 4 = 4^2 - 3^3, 
X 2 = 2tt — 3\/3, 


y" = V2 - 7rV^/4, 
2/2 = V3 - 7r/3 


Figure 3: The first weights of 


We now state a simple lemma that will be useful in the proof of Proposition [S] 
and whose proof is a straightforward consequence of ([T|). 

Lemma 25. Let Ai, A 2 , Bi, B 2 be symplectic 4-w,anifolds such that Ck{Ai) = Ck{Bi) 
for all k, for i = 1, 2. Then for all k 


Cfe(^i U A2) — Ck{Bi U B2). 

Proof of Proposition\^ By Theorem [Sj it is enough to show that for all k, 

Ck{Xo) < Ck{E{4:,3'/3)). 


(55) 


We recall that flo is the region bounded by the coordinate axes and the curve dS]). Let 
wi > W 2 > W 3 > ... be the weight sequence of Oq- It follows from an easy calculation 
that wi = 4, see Figure Ha). We obtain domains LI 2 and fls by applying an affine 
transformation to LIq \ T(4) as explained in HI.31 Moreover LI 2 and If 3 are equal 
since the curve m is symmetric with respect to the reflection across the line y = x. 
In particular W 2 = W 3 and all the following weights come in pairs. Continuing the 
calculation, we obtain W 2 = = 3\/3 —4, see FigureHb). Let 04 and fls be the next 

regions in this process obtained from LI 2 , see Figure Hb)- We now observe that the 
next weight coming from Q 4 is 4\/2 — 3\/3. It turns out that W 4 = = 4^/2 - 3^3, 

but we do not need this fact for what follows. Let fig and fly be the regions obtained 
from ff 4 , see FigureH^)- We also let fig, fig and 0,7 be the respective regions obtained 
from We note that flj and 12* are equal for f = 5, 6 , 7. It follows from Theorem [3 
and Lemma [25] that 



Cfc B(4) U ]J B{3V3 - 4) U ]J 5(4^2 - 3^3) U 


2 


j=5 


7 



( 56 ) 











Figure 4: Fitting the triangles into r'(1.607,1.19) 

A = T'(0.512, 0.804), B = T'(0.627, 0.304), C = T'(0.16,0.23), 
D = r'(0.464), E = T'(0.304), F = T'(0.323, 0.304). 


We now observe that the first three terms in the weight decomposition of r(4, 3\/3) 
are 4,3\/3 — 4,3\/3 — 4. After three steps, the concave toric domain obtained by 
the procedure explained in fil.3l is £'(12 — 6\/3,3\/3 — 4). Again, by Theorem [3 and 
Lemma [25j it follows that 


Cfc(£(4,3^3)) = Ck I £(4) U ]J £(3^3 - 4) U £(12 - 6\/3, sVs - 4) | . (57) 

i=i 


From ([56|) and (f57)l we conclude that, in order to prove (l5^ . it suffices to show that 


Ck 


Z i 

]J £(4^2 - 3^3) U ]J U 


u=i 


j=5 


< Ck (£(12-6\/3, 3\/3-4 


(58) 
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It follows from a simple calculation that 


( 2 V 3 + ^ - 4, 6 - 3 V 3 ) C r(0.512, 0.804), 

Qe, QeCT ^27r - 4^2, V2 - C r(0.627,0.304), 

Qr, hrCT ^3^2 - 3^3 + 4x/3 - 4^2 “ ^ T(0.16,0.23), 

r(4V2 - 3^3) C r(0.461) C r(0.464), 
r(12-6\/3, sVs - 4) D T(1.607, 1.19). 

From Theorem [3 and Lemma \7^ we deduce that 

Cfc(F;(0.627,0.304)) = Cfc(5(0.304) U F;(0.323, 0.304)). 

Using Lemma [251 and the calculations above, we conclude that (15811 follows from the 
existence of the embedding: 

2 

]J (F;'(0.512,0.804) U5'(0.464) UF;'(0.16,0. 
i=i 

U E'(0.627,0.304) U 5'(0.304) U F;'(0.323, 0.304) F;'(1.607, 1.19). 

The embedding (I59D can be constructed by hand. In fact, we can fit triangles of 
the appropriate size corresponding to each domain in the left hand side of (1591) into 
r'(1.607,1.19), see Figure HI Note that it is crucial to check that the two rectangles 
obtained by taking two copies of A and D, respectively, do fit into r'(l.607,1.19), 
which follows from a simple computation. Therefore the disjoint union of the induced 
toric domains embed into FI'(1.607,1.19). So we have proved (l5^ and hence ([58]) . □ 
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